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Abstract
We set up a formalism for calculating transverse-momentum-dependent parton distribution functions 
(TMDs) of a large nucleus using the tools of saturation physics. By generalizing the quasi-classical 
Glauber–Gribov–Mueller/McLerran–Venugopalan approximation to allow for the possibility of spin–orbit 
coupling, we show how any TMD can be calculated in the saturation framework. This can also be applied 
to the TMDs of a proton by modeling it as a large “nucleus.” To illustrate our technique, we calculate the 
quark TMDs of an unpolarized nucleus at large-x: the unpolarized quark distribution and the quark Boer–
Mulders distribution. We observe that spin–orbit coupling leads to mixing between different TMDs of the 
nucleus and of the nucleons. We then consider the evolution of TMDs: at large-x, in the double-logarithmic 
approximation, we obtain the Sudakov form factor. At small-x the evolution of unpolarized-target quark 
TMDs is governed by BK/JIMWLK evolution, while the small-x evolution of polarized-target quark TMDs 
appears to be dominated by the QCD Reggeon.
Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction
Over the past decade quark and gluon transverse momentum-dependent parton distribu-
tion functions (TMDs) [1,2] have become an integral component of our understanding of the 
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Y.V. Kovchegov, M.D. Sievert / Nuclear Physics B 903 (2016) 164–203 165momentum-space structure of the nucleon. At the same time the main principles for calculating 
TMDs in the perturbative QCD framework have remained essentially the same over the years: 
one parameterizes the initial conditions at some initial virtuality Q2 = Q20 and then applies the 
Collins–Soper–Sterman (CSS) evolution equation [1] to find the TMDs at all Q2. The initial 
conditions are non-perturbative, and have to be constructed using models of the non-perturbative 
QCD dynamics (see [3] and references therein). Since very little is known about non-perturbative 
effects in QCD, often one uses the same form for the parameterization of the initial conditions for 
several different TMDs, frequently assuming a Gaussian dependence of the TMDs on the parton 
transverse momentum kT [4]. It is clearly desirable to have a better control of our qualitative and 
quantitative understanding of TMDs.
To this end one can employ the recent progress in our understanding of small-x physics and 
parton saturation [5–11] to put constraints on the TMDs and even calculate them in the high-
energy limit. When calculating TMDs one often works either in the s ∼ Q2  k2T (large-x) or in 
the s  Q2  k2T (small-x) regimes, where s is the center-of-mass energy and x = Q2/(s +Q2)
if one neglects the proton mass. In either case the energy s is large, and the techniques of high-
energy QCD should apply. The degrees of freedom in saturation physics are infinite Wilson lines 
along (almost) light-like paths. The definition of the TMDs involves light-cone Wilson lines as 
well [12,13], although the integration paths are semi-infinite, forming the so-called “light-cone 
staple”. We can see that there are both similarities and differences between saturation physics 
and the physics of TMDs. The interface of these two sub-fields of quantum chromodynamics 
(QCD) has been explored in [14–24].
In the past some success has been achieved in applying saturation physics to study the Sivers 
function [25,26] both in semi-inclusive deep inelastic scattering (SIDIS) and in the Drell–Yan 
process (DY). In [27] the Sivers function was constructed by generalizing the quasi-classical 
Glauber–Gribov–Mueller (GGM) [28]/McLerran–Venugopalan (MV) [29–31] approximation of 
a heavy nucleus with atomic number A  1. The presence of the atomic number generates a 
resummation parameter α2s A1/3 [32,33] allowing a systematic resummation of multiple rescat-
terings, which are essential for the Sivers function. This picture can also be applied to the proton 
if one models it as a large “nucleus.” This large-nucleus approximation is known to work well 
in describing the data from deep inelastic scattering (DIS) experiments on a proton at low-x; it 
is therefore possible that it would give a reasonable description for proton TMDs as well. The 
result of [27] was an explicit form of the Sivers function in the s ∼ Q2  k2T regime, which 
was different from a simple Gaussian in kT and which can be used as the initial condition for its 
Collins–Soper–Sterman (CSS) evolution [1]. Another important result of [27] was the realization 
that the Sivers function can be produced via two different channels: one is the standard “lens-
ing” mechanism of [34–36] with additional momentum broadening due to multiple rescatterings 
in the nucleus, while the other mechanism was due to the orbital angular momentum (OAM) 
of the nucleus combined with multiple rescatterings. This latter channel has not been reported 
before [27], and it dominates mainly in the regime where multiple rescatterings are important, 
or, more precisely, for kT Qs/
√
αs , where Qs is the saturation scale of the nucleus. It appears 
that applications of saturation physics to the calculation of TMDs may lead to qualitatively new 
channels of generating the relevant observables.
The aim of this work is twofold. First of all we want to generalize the approach of [27] to 
the calculation of any TMD in the quasi-classical approximation and for s ∼ Q2  k2T . This is 
accomplished in Sec. 2 for the case of an unpolarized nucleus; the generalization to the polar-
ized case is straightforward and is left for future work. The quasi-classical TMD calculation is 
accomplished using the factorization given in Eq. (18) (and, in more detail in Eq. (39)), which 
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of the classical Wigner distribution W describing the nucleons in the nucleus with the TMD 
of one of the nucleons (φN ) and the Wilson lines S of the “staple” evaluated in the GGM/MV 
approximation. The functional form of the nucleon Wigner distribution in the nucleus can be 
constrained using the symmetries of the nuclear ground state. Considering for simplicity an un-
polarized nucleus we arrive at the parameterization of Eq. (55). With the help of this unpolarized 
nuclear Wigner distribution we construct the unpolarized quark distribution in Eq. (61) and the 
Boer–Mulders distribution [37] in Eq. (78). Note that the nuclear effects on the TMDs are not 
limited to the kT -broadening as is commonly assumed in the literature [38]. Other TMDs for 
the (transversely or longitudinally) polarized nucleus and for the unpolarized nucleus could be 
constructed by analogy, but we limit the examples to the two TMDs mentioned above along with 
the Sivers distribution constructed in [27].
An interesting consequence of the calculation is a mixing between different TMDs of the 
nucleus and of the nucleons. For instance, as was already observed in [27], the nuclear Sivers 
function is a linear superposition of the nucleon Sivers function and the unpolarized quark dis-
tribution of the nucleon. Similarly, we find that the unpolarized quark distribution of a nucleus 
in Eq. (61) is a linear superposition of contributions due to the unpolarized nucleon quark distri-
bution and the Sivers function of the nucleons. The nuclear Boer–Mulders function in Eq. (78)
receives contributions from the nucleon Boer–Mulders function, transversity and pretzelosity. 
Such TMD mixing means that, in the quasi-classical approximation, different nuclear TMDs are 
expressed in terms of the same Wigner distributions and various nucleon TMDs. This may lead 
to relations between different nuclear TMDs which, in principle, could be tested experimentally.
The second aim of this work is to understand TMD evolution using the methods of saturation 
physics. In Sec. 3 we consider TMD evolution at large and small values of Bjorken-x. The large-x
regime, corresponding to s ∼ Q2  k2T , is considered in Sec. 3.1. There we show that the TMD 
evolution can be thought of as the evolution of the light-cone Wilson lines in the “staple” (if one 
works in the light-cone gauge of the probe), as shown in Fig. 6. In the large-x regime the Wilson 
lines combine to form an operator corresponding to the propagation of a (quark or gluon) dipole 
from the nucleus to positive light-cone infinity (SIDIS) or from negative infinity to the nucleus 
(DY). (A fundamental semi-infinite dipole is used for quark TMDs, while a semi-infinite adjoint 
gluon dipole should be used for the gluon TMDs.) In the double-logarithmic approximation 
resumming powers of αs ln2(Q2/k2T ) we recover the standard Sudakov form factor [39] which 
one also obtains from the CSS evolution.
In the low-x regime (s  Q2  k2T ) the diagrams giving the leading contribution to the 
TMDs are slightly different from the large-x graphs, as illustrated e.g. in Fig. 8. For unpolarized-
target quark TMDs in the leading single-logarithmic approximation, which resums powers of 
αs ln(1/x), we show in Sec. 3.2 that TMD evolution is driven by the evolution of a fundamental 
dipole scattering amplitude on a nucleus, that is by the evolution of the dipole made out of infinite 
Wilson lines. The evolution of this object is well-known: in the large-Nc limit it is given by the 
Balitsky–Kovchegov evolution equation [40–43], while beyond that limit it can be found using 
the Jalilian–Marian–Iancu–McLerran–Weigert–Leonidov–Kovner (JIMWLK) evolution equa-
tion [44–47]. For the polarized-target TMDs the situation is more subtle, as the evolution has 
to carry the polarization information. We argue that polarized quark TMDs at small-x are gov-
erned by the nonlinear version [48] of the QCD Reggeon evolution equations [49–55] (see Fig. 13
and Eq. (94)), which employs the dipole amplitude obtained from the BK/JIMWLK equations.
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approximation, and constructed evolution of TMDs at both large- and small-x. The results of this 
work can be used for constructing a global TMD fit.
2. Quasi-classical initial conditions
In this Section we expand and generalize the approach developed in [27]. While the quasi-
classical method detailed below was used in [27] to calculate the Sivers function of a large 
nucleus, here we will apply it to calculating TMDs of an unpolarized nucleus, such as the unpo-
larized quark distribution and the Boer–Mulders function.
2.1. Quasi-classical factorization of the TMD quark distribution of a heavy nucleus
2.1.1. The TMD decomposition
The transverse-momentum-dependent (TMD) quark correlation function in a hadronic state 
|h(P,S)〉 with momentum P and spin S is defined by
φαβ(x, k;P,S) ≡ g+−
(2π)3
∫
d2−r eik·r 〈h(P,S)| ψβ(0)U [0, r]ψα(r) |h(P,S)〉r+=0 (1)
where α, β are Dirac indices, the separation vector between the quark fields is rμ = (0+, r−, r), 
and the “staple-shaped” gauge link U [0, r] extends to future/past light-cone infinity (±∞−) de-
pending on the process under consideration. The abbreviated notation for the integration measure 
is d2−r = d2r⊥ dr−. We work in light-front coordinates
x± ≡
√
g+−
2
(
x0 ± x3
)
(2)
where g+− = 1 and g+− = 2 are two common choices of the light-front metric. We will use a 
frame in which the nucleus or the proton have a momentum predominantly in the x+-direction.
Projecting the TMD correlator (1) onto various Dirac matrices gives the distribution of quarks 
with zero, longitudinal, or transverse polarizations, and the independent spin–spin and spin–orbit 
correlations are parameterized in terms of boost-invariant TMD parton distribution functions (the 
“TMDs”). At leading power in the large momentum P+, the TMD decomposition can be written 
as (see, e.g. [37,56,57])
φ(x, k;P,S) =
(
f1 − k × S
m
f⊥1T
)[
1
2
g+−γ−
]
+
(
SLg1 + k · S
m
g1T
)[
1
2
g+−γ 5γ−
]
+
+
(
Si⊥h1T +
ki⊥
m
SLh
⊥
1L +
ki⊥
m
(k · S)
m
h⊥1T
)[
1
2
g+−γ 5γ⊥iγ−
]
+
(
ki⊥
m
h⊥1
)[
i
2
g+−γ⊥iγ−
]
, (3)
where (S, SL) denote the transverse and longitudinal components of the spin vector, m is the 
hadron mass, and k× S ≡ kx Sy − ky Sx with (x, y) the coordinates in the plane transverse to the 
beam. The eight leading-twist quark TMDs shown here
{f1 , f⊥1T , g1 , g1T , h1T , h⊥1L , h⊥1T , h⊥1 } (4)
are functions of x and kT = |k|.
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simple interpretation as the expectation value of the quark density in the hadronic state |h(P,S)〉:
φαβ(x, k;P,S) L.O.= 14(2π)3
1
xk+
∑
σσ ′
〈h(P,S)|b†
kσ ′bkσ |h(P,S)〉
×
[(
Uσ ′(k)
)
β
(Uσ (k))α
]
, (5)
where  ≡ g+−p+
∫
d2−b is a boost-invariant volume factor which normalizes the plane-wave 
states |h(P,S)〉. The gauge link U [0, r] is needed to make the definition gauge invariant, and it 
reflects the distortion of the quark distribution in the presence of initial- or final-state gauge fields 
[58,59].
By tracing (5) with one of 
 ∈ {γ+ , γ+γ 5 , γ 5γ+γ j⊥}, we project out the distributions 
corresponding to unpolarized quarks (U ), longitudinally-polarized quarks (L), and transversely-
polarized quarks in direction jˆ (labeled T j ), respectively. This can be explicitly verified by 
evaluating the associated spinor products in (5) using the spinor conventions of [60]:
U : Uσ ′(k) γ+ Uσ (k) = 2k+
[
1 0
0 1
]
σ ′σ
= 2k+ [1]σ ′σ (6)
L : Uσ ′(k) γ+γ 5 Uσ (k) = 2k+
[
1 0
0 −1
]
σ ′σ
= 2k+
[
σ 3
]
σ ′σ
(7)
T j : Uσ ′(k) γ 5γ+γ j⊥ Uσ (k) = 2k+
[
0 δj1 − iδj2
δj1 + iδj2 0
]
σ ′σ
= 2k+
(
δj1
[
σ 1
]
σ ′σ
+ δj2
[
σ 2
]
σ ′σ
)
. (8)
These projections select out the corresponding set of TMDs from the decomposition (3),
U : φ[γ+] ≡ 1
2
Tr
[
φ γ+
]= f1 − k × S
m
f⊥1T
L : φ[γ+γ 5] ≡ 1
2
Tr
[
φ γ+γ 5
]
= SLg1 + k · S
m
g1T
T j : φ[γ 5γ+γ j⊥] ≡ 1
2
Tr
[
φ γ 5γ+γ j⊥
]
= Sj⊥h1T +
k
j
⊥
m
SLh
⊥
1L +
k
j
⊥
m
(k · S)
m
h⊥1T + jiT
ki⊥
m
h⊥1 ,
(9)
so that f1 represents the azimuthally symmetric distribution of unpolarized quarks in an unpo-
larized hadron, the Sivers function f⊥1T represents the azimuthally asymmetric distribution of 
unpolarized quarks in a transversely polarized hadron, and so on.
2.1.2. Quasi-classical factorization in a heavy nucleus
As derived in [27], a heavy nucleus with A  1 nucleons in the quasi-classical approximation 
α2s A
1/3 ∼O (1) admits a decomposition of its TMD quark correlator A in terms of the TMD 
quark correlator φN of its nucleons, Wilson lines, and the nuclear Wigner distribution. The heavy 
nucleus in this parametric limit justifies two powerful simplifications of the definition (1) as 
follows. First, the large number of nucleons justifies a mean-field description of the nucleus 
|A(P,S)〉 in terms of the light-front wave functions of single-nucleon states |N(p,σ )〉. Second, 
because of the large number of nucleons, the initial-/final-state rescattering described by the 
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gauge link U [0, r] is more likely to occur on the many (A − 1) spectator nucleons, rather than on 
the same nucleon from which the quark distribution is taken. Schematically, we can write this as
〈A|ψβ(0)U [0, r]ψα(r) |A〉 ≈ (N ∗N) × 〈N | ψβ(0)u[0, r]ψα(r) |N〉
× 〈A− 1|U [0, r] |A− 1〉 +O
(
A−1/3
)
. (10)
The resummation α2s A1/3 ∼ O (1) [33] is a systematic way of calculating the multiple rescat-
tering in the weak-coupling saturation framework, and the accuracy to leading order in A−1/3
means that the sensitivity of the gauge link u[0, r] to the active nucleon is limited to O (αs). In 
this way, the TMD correlator (1) is factorized into a convolution of 3 factors: a wave function 
piece describing the distribution of nucleons in the nucleus, the TMD correlator of the nucleon 
itself, and a piece describing the multiple rescattering of the gauge link on the spectator nucleons. 
This essential picture should apply not only to a heavy nucleus, but to any system – such as a 
proton at high energies – in which the density of color charges becomes sufficiently large.
For semi-inclusive deep inelastic scattering in Bjorken kinematics (see Fig. 1), the quasi-
classical factorization formula is [27]
Aαβ(x, k;P,S) = A
g+−
(2π)5
∑
σ
∫
d2+p db− d2x d2y d2k′ e−i(k−k
′)·(x−y) Wσ (p,b;P,S)
× φNαβ(xˆ, k′ − xˆp;p,σ) Dxy[∞−, b−], (11)
where xˆ ≡ x P+
p+ is the quark momentum fraction with respect to the active nucleon, d
2+p =
d2p⊥ dp+, and bμ ≡ (0+, b−, 12 (x + y)) is the position of the struck nucleon. The Wigner dis-
tribution of nucleons |N(p,σ )〉 inside the nucleus |A(P,S)〉 is
Wσ(p,b;P,S) ≡ 12(2π)3
∫
d2+(p − p′)√
p+p′ +
e−i(p−p′)·b
×
∑
X
〈A(P,S)|N(p′, σ );X〉 〈N(p,σ );X| A(P,S)〉 , (12)
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where p ≡ p+p′2 is the average momentum of the struck nucleon in the amplitude and complex-
conjugate amplitude and σ is its spin. The Wigner distribution is normalized such that
g+−
∑
σ
∫
d2p⊥ dp+ d2b⊥ db−
(2π)3
Wσ(p,b;P,S) = 1. (13)
The semi-infinite dipole scattering amplitude Dxy[∞−, b−] describes the final-state rescatter-
ing on the fraction of nucleons at depths greater than b− and is given in covariant gauge by
Dxy[∞−, b−] ≡ 1
Nc
〈
Tr
[
Vx[∞−, b−]V †y [∞−, b−]
]〉
, (14)
where
Vx[∞−, b−] ≡P exp
⎡
⎢⎣ig
∞−∫
b−
dz−g+−A+a(0+, z−, x)T a
⎤
⎥⎦ (15)
is a Wilson line in the fundamental representation and T a is the fundamental generator of 
SU(Nc). The angle brackets in Eq. (14) denote averaging in the nuclear wave function.
The origin of the nuclear TMD decomposition (11) is in a similar decomposition for the quark 
production cross section in the SIDIS case [27], illustrated in Fig. 2 (with a similar cross-section 
analogy also valid in the DY case). There the virtual photon traverses the nucleus until inter-
acting with one of the nucleons (the same nucleon in the amplitude and the complex conjugate 
amplitude). The quark produced in the interaction propagates through the rest of the nucleus, in-
teracting with the nucleons. If one works in the covariant gauge or the A− = 0 light-cone gauge 
(with the nucleus moving along the x+ light cone) the interactions of the quark with the nucleons 
in the nucleus are instantaneous Coulomb gluon exchanges [28] which contribute to the Wilson 
line describing the quark propagator. The quark production cross section is [27]
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∗+A→q+X
d2k dy
= Ag+−
∑
σ
∫
dp+ d2p db−
(2π)3
∫
d2x d2y Wσ (p,b;P,S)
×
∫
d2k′
(2π)2
e−i (k−k
′)·(x−y) dσˆ γ
∗+N→q+X
d2k′ dy
(p,q)Dx y[∞−, b−]. (16)
Note that the light-cone Wilson lines describing the produced quark in the amplitude and in the 
complex conjugate amplitude (in the above-mentioned gauges) have to be at different transverse 
positions x⊥ and y⊥ since the transverse momentum of the quark k⊥ is fixed (see e.g. [61]). To-
gether these Wilson lines contribute to the “staple” U in the TMD definition (1). (The transverse 
link at infinity is zero in the covariant gauge and in the A− = 0 light-cone gauge.)
Eq. (11) can be simplified further by replacing the dipole scattering amplitude Dxy with its 
symmetric part Sxy ≡ 12 (Dxy + Dyx) since the anti-symmetric (odderon) part is suppressed by 
A−1/3 [19]. If an analytic expression is desired, this symmetric part of the dipole scattering 
amplitude can be evaluated in the quasi-classical GGM/MV multiple scattering approximation 
to give [28]
Sxy[∞−, b−] ≡ 12
(
Dxy[∞−, b−] +Dyx[∞−, b−]
)
= exp
[
−1
4
|x − y|2T Q2s
(∣∣ x+y
2
∣∣
T
)(R−(| x+y2 |T )− b−
2R−(| x+y2 |T )
)
ln
1
|x − y|T 
]
.
(17)
Here Qs(bT ) is the saturation scale at impact parameter bT , R−(bT ) is the longitudinal radius of 
the nucleus at impact parameter bT and (R
−(bT )−b−
2R−(bT ) ) is the fraction of nucleons which participate 
in the final-state rescattering. The logarithm with infrared (IR) regulator , which is often ne-
glected, is only important for recovering the perturbative large-kT (small-|x − y|T ) asymptotics. 
Alternatively, the Wilson line operators can be evaluated on a configuration-by-configuration ba-
sis if desired using Monte Carlo methods along the lines of [62,63]. By replacing Dxy with Sxy , 
we can rewrite the quasi-classical factorization formula (11) as
Aαβ(x, k;P,S) = A
g+−
(2π)5
∑
σ
∫
d2+p d2−b d2r d2k′ e−i(k−k
′−xˆp)·r
×Wσ(p,b;P,S)φNαβ(xˆ, k′;p,σ)S[∞
−,b−]
(rT ,bT )
, (18)
where we have changed variables to b ≡ x+y2 and r ≡ x − y and shifted the integration variable 
k′ → k′ + xˆp.
2.1.3. Lorentz-covariant spin decompositions
The quasi-classical factorization formula (18) contains a sum over the spins σ of the inter-
mediate nucleons. In [27], a particular spin basis was chosen (the transverse |±x〉 basis) and 
was used to evaluate this spin sum; this effectively limited the polarizations of the intermediate 
nucleons to be either unpolarized, or polarized in the direction of the chosen basis. As we will 
now show, in a more complete treatment, the polarization of the intermediate nucleons can be ar-
bitrary – unpolarized, longitudinally polarized, or polarized in either of the transverse directions 
– independent of the choice of spin basis.
Let us first write a decomposition of the Wigner distribution (12) for nucleons with an arbi-
trary spin state |S〉 in terms of the light-cone helicity basis |±〉. For simplicity, we will restrict 
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the compact form
W(p,b,S) ≡ 1
2(2π)3
∫
d2+(δp)√
p+p′+
e−iδp·b〈A(P )|N(p′, S)〉 〈N(p,S)| A(P )〉 , (19)
where δp ≡ p−p′, p¯ ≡ 12 (p+p′), and bμ ≡ (0+, b−, b). As described in [64], an arbitrary spin 
state can be decomposed in terms of the light-cone helicity basis as
|S〉 ≡ cos θ
2
|+〉 + sin θ
2
eiφ |−〉 ; (20)
in the rest frame (R.F.) of the nucleon, the eigen-axis of spin projections for this state is given by 
the three-dimensional spin vector
S R.F.= (sin θ cosφ, sin θ sinφ, cos θ) ≡ (S1⊥, S2⊥, λ) (21)
with λ2 +S2T = 1. The Lorentz-covariant spin vector Sμ is obtained by defining (21) as the spatial 
part in the rest frame and boosting it to a frame in which the nucleon momentum is p1:
Sμ(p) ≡
( SR.F. · p
m
, SR.F. + p
m
[
p · SR.F.
E +m
])
R.F.=
(
0, SR.F.
)
=
(
0, S1⊥, S2⊥, λ
)
. (22)
Note that, by construction, pμSμ(p) = 0. We have also made use of the fact that the nucleons do 
not interact with each other in the quasi-classical approximation at hand [66–68].
By forming the outer product of (20) and using (22), we obtain
|S〉 〈S| R.F.= 12
[
|+〉 〈+| + |−〉 〈−|
]
+ 12λ
[
|+〉 〈+| − |−〉 〈−|
]
+ 12S1⊥
[
|−〉 〈+| + |+〉 〈−|
]
+ 12S2⊥
[
i |−〉 〈+| − i |+〉 〈−|
]
|S〉 〈S| R.F.= 1
2
[ |+〉 |−〉]{ [ 1 ]+ SR.F. · [ σ ]
}[〈+|
〈−|
]
, (23)
where we have introduced the Pauli matrices and unit matrix. If we define a Lorentz-covariant 
set of Pauli matrices analogous to (22)
σˆ μ(p) ≡
( σ · p
m
, σ + p
m
[ p · σ
E +m
])
R.F.= (0, σ) =
(
0, σ 1⊥, σ 2⊥, σ 3⊥
)
, (24)
1 Eq. (22) constitutes the canonical definition of spin [65,66], obtained by boosting (0, SR.F.)μ out of the rest frame 
with a single rotationless boost. This can also be regarded as defining Sμ ≡ Wμ/m with Wμ the Pauli–Lubanski four-
vector, and obtaining SR.F. via Eq. (22). Alternatively, one may use light-front boosts, obtaining an expression for Sμ
in terms of S′
R.F.
, which is the spin in a rest frame rotated with respect to the rest frame used in the second line of (22)
(see [65] and the footnote 35 on page 213 of [66]). Ultimately, for the situations we consider (nonrelativistic nucleon 
motion and an ultrarelativistic boost along the +z-axis), both definitions of the spin three-vector coincide. We thank 
Cédric Lorcé for helping us clarify these subtleties.
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and
|S〉 〈S| = 1
2
[ |+〉 |−〉]{ [ 1 ]− Sμ(p) [ σˆ μ(p) ]
}[〈+|
〈−|
]
. (25)
Inserting this into (19) we obtain
W(p¯, b,S) = Wunp(p¯, b)− Sμ(p¯) Wˆμpol(p¯, b) (26)
with
Wunp(p, b) = 12
∑
λλ′
[
Wλλ′(p¯, b) 1λ′λ
]
= 1
2
Tr[W(p¯, b)]
Wˆ
μ
pol(p¯, b) =
1
2
∑
λλ′
[
Wλλ′(p¯, b) σˆ
μ
λ′λ(p¯)
]
= 1
2
Tr[W(p¯, b) σˆμ(p¯)], (27)
where we have also introduced the Hermitean (2 × 2) matrix
Wλλ′(p, b) ≡ 12(2π)3
∫
d2+(δp)√
p+p′+
e−iδp·b〈A(P )|N(p′, λ)〉 〈N(p,λ′)|A(P )〉. (28)
The projections Wunp and −SμWˆμpol select out the Wigner distributions of nucleons which 
have zero polarization, or polarization Sμ, respectively. And although they were derived here in 
terms of the light-cone helicity basis |±〉, they are invariant under a change of basis; any unitary 
rotation of the spin states transforms the matrix Wλλ′ , but it also rotates the Pauli matrices such 
that the traces (27) remain invariant. We can also write a decomposition of the matrix Wλλ′ in 
terms of the complete basis {1, σ } to invert Eqs. (26), (27):
Wλλ′(p¯, b) = Wunp(p¯, b)
[
1
]
λλ′
− Wˆpol, μ(p¯, b)
[
σˆ μ(p¯)
]
λλ′
. (29)
From (24) we obtain the trace identity
−1
2
Tr[σˆ μ(p) σˆ ν(p)] = gμν − p
μpν
m2
(30)
which allows us to recover (27) from (29) by tracing the latter with σˆ ν or 1 and using the fact 
that p¯μWˆμpol = 12 Tr[W p¯μσˆμ(p¯)] = 0.
Note that the normalization of the matrix Wigner distribution Wλλ′(p, b) is
g+−
∫
d2p⊥ dp+ d2b⊥ db−
(2π)3
Tr
[
W(p,b)
]= 1, (31)
such that
g+−
∫
d2p⊥ dp+ d2b⊥ db−
(2π)3
Wunp(p, b) = 12 . (32)
In a similar way, the quark correlator (1) of the nucleon can be expanded in a basis of spin 
states, and the polarized and unpolarized parts can be projected using the Pauli matrices:
φ(x, k;S) = φunp(x, k)− Sμφˆμpol(x, k)
φλλ′(x, k) = φunp(x, k)
[
1
]
λλ′
− φˆpol, μ(x, k)
[
σˆ μ
]
λλ′
, (33)
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φunp(x, k) = 12
∑
λλ′
[
φλλ′(x, k) 1λ′λ
]
= 1
2
Tr[φ(x, k)]
φˆ
μ
pol(x, k) =
1
2
∑
λλ′
[
φλλ′(x, k) σˆ
μ
λ′λ
]
= 1
2
Tr[φ(x, k) σˆ μ], (34)
and the matrix form is
φλλ′(x, k) ≡ g+−
(2π)3
∫
d2−r eik·r 〈N(P,λ)| ψβ(0)U [0, r]ψα(r)|N(P,λ′)〉. (35)
Note that Sμ and σˆ μ above depend on the (averaged) momentum of the nucleon p¯, which is 
not shown explicitly. The expansion (3) of the quark correlator into the 8 leading-twist TMDs 
is defined in terms of the longitudinal spin SL and the transverse spin S. The Dirac projections 
of the correlator φ[
] as in (9) are boost-invariant, so we can evaluate them in the rest frame in 
which S = (S1⊥, S2⊥, SL); this allows us to identify the projections φ[
]unp and φˆμ [
]pol in terms of the 
TMDs as
φ[
]unp =
(
f1
)[
1
4
g+−Tr[γ−
]
]
+
(
ki⊥
m
h⊥1
)[
i
4
g+−Tr[γ⊥iγ−
]
]
φ
0 [
]
pol
R.F.= 0
φ
3 [
]
pol
R.F.=
(
g1
)[
1
4
g+−Tr[γ 5γ−
]
]
+
(
ki⊥
m
h⊥1L
)[
1
4
g+−Tr[γ 5γ⊥iγ−
]
]
φ
j [
]
pol,⊥
R.F.=
(
− k
i⊥
m

ij
T f
⊥
1T
)[
1
4
g+−Tr[γ−
]
]
+
(
k
j
⊥
m
g1T
)[
1
4
g+−Tr[γ 5γ−
]
]
+
(
δij h1T + k
i⊥k
j
⊥
m2
h⊥1T
)[
1
4
g+−Tr[γ 5γ⊥iγ−
]
]
. (36)
In the derivation of (18), a sum over the spins of the intermediate nucleons occurs indepen-
dently in the amplitude and complex-conjugate amplitude (see Fig. 1). Thus the spins entering 
the quasi-classical factorization formula are necessarily non-diagonal, which can be compactly 
expressed in terms of the matrices Wλλ′ and φλλ′ :
A(x, k;P) = A g+−
(2π)5
∑
λλ′
∫
d2+p d2−b d2r d2k′ e−i(k−k
′−xˆp)·r
× Wλλ′(p, b;P)φNλ′λ(xˆ, k′;p)S[∞
−,b−]
(rT ,bT )
= A g+−
(2π)5
∫
d2+p d2−b d2r d2k′ e−i(k−k
′−xˆp)·r
× Tr
[
W(p,b;P) φ(xˆ, k′;p)
]
S
[∞−,b−]
(rT ,bT )
, (37)
where we have restricted the discussion to an unpolarized nucleus. From (29), (30), and (33), the 
trace of the two matrices gives
1
2
Tr
[
W · φ
]
= Wunp φunp − Wˆpol, μ φˆμpol
R.F.= Wunp φunp + Wpol · φpol, (38)
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(2 × 2) matrices [φ]λλ′ , [W ]λ′λ corresponds to summing over the 4 possible intermediate polarizations of the nucleons: 
U = unpolarized, L = longitudinally polarized, T j = transversely polarized in the jˆ direction.
which sums over all four independent spin states of the intermediate nucleons. Thus we recover 
a form similar to (18) in which the spins of the nucleons are diagonal (i.e., the same in the 
amplitude and complex-conjugate amplitude),
A(x, k;P) = 2Ag+−
(2π)5
∫
d2+p d2−b d2r d2k′ e−i(k−k
′−xˆp)·r
×
(
Wunp(p, b;P)φunp(xˆ, k′;p)− Wˆpol, μ(p, b;P)φˆμpol(xˆ, k′;p)
)
S
[∞−,b−]
(rT ,bT )
,
(39)
as illustrated in Fig. 3. The sum now effectively runs over the four polarizations: U = unpo-
larized, L = longitudinally-polarized, and T j = transversely polarized in the jˆ direction. This 
formulation makes the projections defined by (26), (33) independent of the choice of spin basis 
and expresses the spin dependence in a manifestly Lorentz-covariant form.
2.2. Parameterization of the Wigner distribution
The quasi-classical factorization formula (39) describes how the properties of the Wigner dis-
tribution and the multiple rescattering build up the TMDs of the nucleus from the various TMDs 
of the nucleons. One powerful feature of (39) is that the Wigner distribution is constructed purely 
from the light-front wave functions (see, e.g. (28)), without contamination from the scattering dy-
namics embodied in the gauge link. It is therefore invariant under several symmetries which the 
TMDs themselves are not, such as PT . We would like to use all the applicable symmetries to 
parameterize the types of structures which can occur in the Wigner distribution.
The Wigner distribution also does not know about the direction of the collision axis; that 
information enters operatorially through the gauge link U [0, r] or diagrammatically through the 
interaction with the virtual photon. We may choose to describe the functional dependence of the 
Wigner distribution using variables which are appropriate for a collision along the z-axis (e.g. 
p+,p), but the distribution itself should not treat z as a “special” direction. Naively, one would 
expect that, when viewed from the rest frame of the nucleus, the Wigner distribution W(p, b)
should possess three-dimensional rotation symmetry due to the lack of a preferred collision axis. 
This is in contrast to the factors φ(x, k) and S(rT , bT ) containing the gauge link, which have at 
most two-dimensional rotational invariance due to the special role of the longitudinal direction.
There are some subtleties about the application of full rotational symmetry to the Wigner dis-
tribution constructed from light-front wave functions; these are addressed most clearly using the 
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sion is that, if the nucleons move nonrelativistically in the nucleus, then their wave functions – 
and hence the Wigner distribution in (A.19) and (A.20) – do possess the desired rotational in-
variance in the nuclear rest frame. The boost-friendly variables α, b− are given in terms of the 
rotation-friendly variables p, b through (A.21). We can now take advantage of this symmetry to 
constrain the functional form of the Wigner distribution.
2.2.1. Wigner distribution of an unpolarized nucleus
For an unpolarized nucleus with a non-relativistic distribution of nucleons, the Wigner dis-
tribution (A.20) possesses manifest rotational invariance in the rest frame and depends on the 
nucleon spin only linearly. Moreover, because the Wigner distribution is built purely from the 
nucleon wave functions, it possesses the unbroken discrete symmetries of (ordinary) parity and 
time reversal. The P and T symmetries of the wave functions translate into the Wigner distribu-
tion in the expected way:
W( p, b, S) P= W(− p,−b, S) T= W(− p, b,−S). (40)
We can therefore constrain the form of the Wigner distribution using these discrete symmetries 
and rotational invariance.
For the unpolarized distribution, requiring rotational invariance yields
Wunp( p, b) = Wunp
[
p2, b2, p · b
]
, (41)
but the quantity p · b is odd under time reversal, so Wunp can only depend on it through even 
powers:
Wunp( p, b) = Wunp
[
p2, b2, ( p · b)2
]
. (42)
Now let us change variables to the boost-invariant quantities using (A.21):
p2 = p2T + (α − 1A)2M2A
b2 = b2T + ( 1MA )2(g+−P+b−)2
( p · b)2 =
[
p · b − (α − 1
A
)(g+−P+b−)
]2
= (p · b)2T + (α − 1A)2(g+−P+b−)2 − 2(p · b)(α − 1A)(g+−P+b−), (43)
where α = p+/P+ is the longitudinal momentum fraction of the nucleon in the nucleus. In terms 
of these quantities, the unpolarized distribution depends on
Wunp(α,p ;b−, b)
= Wunp
[
p2T , b
2
T , (p · b)2T ; (α − 1A)2, (P+b−)2 ; (p · b)(α − 1A)(P+b−)
]
, (44)
where we have separated out the dependence on the longitudinal and transverse variables.
There is one interesting term which appears to mix the longitudinal and transverse variables, 
arising from the cross term (p‖b‖)(p · b) of ( p · b)2. In principle such a term is not prohibited 
by the symmetries of Wigner distribution; however, looking back at the quasi-classical factor-
ization formula (39), we see that this term will not contribute to the cross-section. The reason 
is that the only other dependence on b arises from the dipole scattering amplitude S[∞−,b−](rT ,bT )(17). This factor does not possess the same three-dimensional rotation invariance as the Wigner 
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cleon. It does, however, retain a residual two-dimensional rotation invariance in the transverse 
plane, depending only on b−, bT . Thus a term like 
∫
d2b (p‖b‖)(p · b) f (bT ) would integrate 
out to zero in (39) because of antisymmetry under b → −b. Therefore the terms of the Wigner 
distribution which survive the d2b integral can only depend on the square of this cross-term, 
(p · b)2T (α− 1/A)2(P+b−)2, and the dependence on these squared factors are already taken into 
account. Thus we can replace
Wunp(α,p ;b−, b) ⇒ Wunp
[
p2T , b
2
T , (p · b)2T ; (α − 1A)2, (P+b−)2
]
(45)
without missing out on any terms which would survive the d2b integral in (39). We use an arrow 
here rather than an equality to emphasize that we are now dropping contributions to the Wigner 
distribution which are permitted by symmetry, but would not survive to contribute to the nuclear 
TMD.
In fact, we can carry this argument one step farther: after the integration∫
d2bWunp(α,p ;b−, b)S(rT , bT ;b−)
is performed, all sensitivity to the direction of the two-vector b drops out. Thus we can replace
bi⊥b
j
⊥ →
1
2
b2T δ
ij (46)
in the Wigner distribution now, without loss of generality in the types of terms which can con-
tribute to the quasi-classical factorization formula (39). Doing so further reduces the number of 
terms which can contribute, since
(p · b)2T = pi⊥pj⊥ (bi⊥bj⊥) →
1
2
p2T b
2
T . (47)
Thus, from all of these simplifications, we can write the relevant part of the unpolarized Wigner 
distribution as
Wunp(α,p ;b−, b) ⇒ Wunp
[
p2T , b
2
T ; (α − 1A)2, (P+b−)2
]
. (48)
By considering the constraints due to parity, time reversal, and three-dimensional rotation in-
variance of the Wigner distribution, together with the two-dimensional rotational invariance of 
the multiple scattering factor (gauge link) to which it couples, we have reduced the unpolarized 
distribution down to a form which is manifestly even under p → −p, b → −b, (α − 1
A
) →
−(α − 1
A
), and b− → −b−. These symmetries strongly constrain the interplay between the fac-
tors W(p, b), φ(x, k′), S(r, b) entering the quasi-classical factorization formula (39).
Similarly, we can impose rotational invariance on the polarized part of the Wigner distribution:
S · Wpol( p, b) =
(S · b) W1 [ p2, b2, p · b]+ (S · p ) W2 [ p2, b2, p · b]
+
(S · (b × p))W3 [ p2, b2, p · b] . (49)
The spin-dependent factors (S · b) and (S · p) are odd under parity, while all of the arguments 
p2, b2, p · b are P -even; therefore these types of spin dependence cannot enter into the polarized 
Wigner distribution. The only spin dependence which is permitted by parity is the factor (S · L)
describing spin–orbit coupling, where L= b× p is the orbital angular momentum of the nucleon. 
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in even powers, just like in the unpolarized distribution:
S · Wpol( p, b) =
(S · (b × p))W3 [ p2, b2, ( p · b)2] . (50)
Now let us again change back to the boost-invariant variables (A.21). In addition to the expres-
sions in (43), we must account for the spin-dependent factor
S · (b × p) = S‖(b × p)+ b‖(p × S)+ p‖(S × b)
= λ (b × p)− 1
MA
(g+−P+b−) (p × S)+ (α − 1A)MA (S × b) (51)
to write
−SμWˆμpol(α,p ;b−, b) =
(
λ (b × p)− 1
MA
(g+−P+b−) (p × S)+ (α − 1A)MA (S × b)
)
×W3
[
p2T , b
2
T , (p · b)2T ; (α − 1A)2, (P+b−)2 ;
(p · b)(α − 1
A
)(P+b−)
]
. (52)
As before, we now replace bi⊥b
j
⊥ → 12b2T δij to keep only the terms which can contribute to the 
nuclear TMD. In addition to reducing (p ·b)2T → 12p2T b2T , this also simplifies the spin dependence 
for the factors which couple S to b:[
λ (b × p)
][
(p · b)(α − 1
A
)(P+b−)
]
→ 12λ(α − 1A)(P+b−) (p × p) = 0[
(α − 1
A
) (S × b)
][
(p · b)(α − 1
A
)(P+b−)
]
→ − 12 (α − 1A)2 (P+b−)(p × S). (53)
We see that the spin dependence of the form λ(b × p) has dropped out completely, and the 
spin dependence of the form (α − 1
A
)(S × b) has reduced down to the form (P+b−)(p × S). 
Thus, without loss of generality, we can identify the structure (P+b−)(p × S) as the only spin 
dependence which survives the d2b integral to contribute to the nuclear TMDs:
−SμWˆμpol(α,p ;b−, b) ⇒
(
g+−P+b−
MA
)
(p × S)WOAM
[
p2T , b
2
T ; (α − 1A)2, (P+b−)2
]
.
(54)
Again, consideration of the relevant symmetries has reduced the form of the polarized Wigner 
distribution significantly. The structure that survives contains a prefactor linear in the transverse 
spin which is odd under b− → −b− and p → −p, times a function which is manifestly even 
under p → −p, b → −b, (α − 1
A
) → −(α − 1
A
), and b− → −b−. The designation “OAM” 
reflects the fact that this structure originated from the presence of L · S coupling in the rest 
frame.
Altogether, (48) and (54) allow us to parameterize the most general structure of the Wigner 
distribution which is consistent with parity, time reversal, and 2D and 3D rotation symmetries. 
The structure which can contribute to the quark TMD of an unpolarized nucleus is
W(α,p ;b−, b ;λ,S) ⇒ Wunp
[
p2T , b
2
T ; (α − 1A)2, (P+b−)2
]
+
(
g+−P+b−
MA
)
(p × S) WOAM
[
p2T , b
2
T ; (α − 1A)2, (P+b−)2
]
,
(55)
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transversely-polarized nucleons, which contribute to the quark distribution through various nucleonic TMDs. Interest-
ingly there is no contribution from longitudinally-polarized nucleons in the unpolarized nucleus (56).
or, in the notation of (26),
Wunp(p, b) = Wunp
[
p2T , b
2
T ; (α − 1A)2, (P+b−)2
]
Wˆ 0pol(p, b)
R.F.= 0
Wˆ 3pol(p, b)
R.F.= 0
Wˆ
j
pol,⊥(p, b)
R.F.=
(
g+−P+b−
MA
)
pi⊥
ij
T WOAM
[
p2T , b
2
T ; (α − 1A)2, (P+b−)2
]
. (56)
Eq. (55) is illustrated in Fig. 4. The parameterization given here was derived for the distribution 
of nucleons with polarization SN = (S, λ) moving nonrelativistically in an unpolarized nucleus, 
for which the only nontrivial spin dependence entered as ( L · SN). It is straightforward to ex-
tend this parameterization to describe a polarized nucleus as well. In addition to the equivalent 
spin–orbit coupling ( L · SA) which was the source of the “orbital angular momentum channel” 
to generate the nuclear Sivers function f⊥A1T in [27], there are spin–spin couplings like (SN · SA)
and spin–orbit–spin couplings like (SN · p)( p · SA). We will leave this generalization to the full 
structure of the Wigner distribution of a polarized nucleus for future work.
2.3. Quasi-classical TMDs of an unpolarized nucleus
The TMD quark correlator Aunp of an unpolarized nucleus from (36) contains just two 
leading-twist TMDs: the unpolarized quark distribution fA1 and the Boer–Mulders distribution 
h⊥A1 :
A [
]unp (x, k) =
(
f A1 (x, kT )
)[
1
4
g+−Tr[γ−
]
]
+
(
ki⊥
MA
h⊥A1 (x, kT )
)[
i
4
g+−Tr[γ⊥iγ−
]
]
(57)
Because f A1 corresponds to unpolarized quarks and h
⊥A
1 corresponds to transversely-polarized 
quarks, these two TMDs can be projected from the correlator as in (9) by tracing the Dirac 
structure with 
 = γ+ or 
 = γ 5γ+γ j⊥, respectively:
f A1 (x, kT ) = A [γ
+]
unp (x, k)

ji
T
ki⊥
MA
h⊥A1 (x, kT ) = A [γ
5γ+γ j⊥]
unp (x, k) (58)
These nuclear TMDs are related to the TMDs of the nucleons through the quasi-classical factor-
ization formula
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A [
]unp (x, k) =
2Ag+−
(2π)5
∫
d2+p d2−b d2r d2k′ e−i(k−k
′−xˆp)·r
×
(
Wunp(p, b)φ
[
]
unp(xˆ, k
′)− Wˆpol, μ(p, b)φˆμ [
]pol (xˆ, k′)
)
S
[∞−,b−]
(rT ,bT )
, (59)
with the Wigner distribution of nucleons parameterized by (56). Since the nucleons can be po-
larized, the active quarks can come from one of several nucleonic TMDs depending on the 
polarization, as in (36). Combining the Wigner distribution for a given nucleon polarization with 
the associated TMDs, we obtain
Wunp(p, b)φ
[
]
unp(xˆ, k
′) = Wunp
[
p2T , b
2
T ; (α − 1A)2, (P+b−)2
]
×
{(
f N1 (xˆ, k
′
T )
)[
1
4
g+−Tr[γ−
]
]
+
(
k′ i⊥
mN
h⊥N1 (xˆ, k
′
T )
)[
i
4
g+−Tr[γ⊥iγ−
]
]}
−Wˆpol,μ(p, b) φˆμ [
]pol (xˆ, k′) = +Wˆ jpol,⊥(p, b) φˆj [
]pol,⊥(xˆ, k′)
=
(
g+−P+b−
MA
)
p⊥
j
T WOAM
[
p2T , b
2
T ; (α − 1A)2, (P+b−)2
]
×
{(
− k
′ i⊥
mN

ij
T f
⊥N
1T (xˆ, k
′
T )
)[
1
4
g+−Tr[γ−
]
]
+
(
k
′ j
⊥
mN
g⊥N1T (xˆ, k
′
T )
)[
1
4
g+−Tr[γ 5γ−
]
]
+
(
δij hN1T (xˆ, k
′
T )+
k′ i⊥k
′ j
⊥
m2N
h⊥N1T (xˆ, k
′
T )
)[
1
4
g+−Tr[γ 5γ⊥iγ−
]
]}
, (60)
where α = p+/P+ and xˆ = x/α. The projection [
] of the nuclear TMD quark distribution A
in (58) selects the distribution of quarks with a given polarization (U, L, T j ). This projection also 
applies to the nucleonic TMD quark distributions φ in (60), picking out a specific combination of 
nucleonic TMDs which can contribute to a given TMD of the nucleus. The orbital dependence on 
the quark momentum k′ carried by each of the TMDs can couple to the orbital dependence on the 
nucleon momentum p in the Wigner distribution, giving rise to nontrivial interplay between the 
TMDs of the nucleons, the orbital angular momentum these nucleons carry within the nucleus, 
and the resulting TMDs of the nucleus. Now let us use these properties to separately study the 
quasi-classical decomposition of the unpolarized quark distribution fA1 and the Boer–Mulders 
distribution h⊥A1 of the nucleus.
2.3.1. The unpolarized quark distribution fA1
The projection 
 = γ+ in (58) selects out the unpolarized quark distribution fA1 in the nucleus 
and the unpolarized quark distribution fN1 and quark Sivers function f
⊥N
1T of the nucleon in (60)
(see also (9)). Using this in (59) gives
f A1 (x, kT ) =
2Ag+−
(2π)5
∫
d2+p d2−b d2r d2k′ e−i(k−k
′−xˆp)·r S[∞
−,b−]
(rT ,bT )
×
(
Wunp(p, b)f
N
1 (xˆ, k
′
T )− g+−MAmN (P+b−)(p · k′)WOAM(p, b)f⊥N1T (xˆ, k′T )
)
,
(61)
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the unpolarized quark distribution fA1 of the nucleus and the quark Sivers function f
⊥N
1T of the 
nucleons. This is the mirror effect to the OAM channel that was found in [27], in which ( L · SA)
coupling in a polarized nucleus gave rise to a mixing between the Sivers function f⊥A1T of the 
nucleus and the unpolarized fN1 distribution of the nucleons.
The unpolarized quark distribution f1 is a PT-even function and therefore process inde-
pendent (see [70] and others); that is, it should give the same result when calculated with a 
future-pointing gauge link like (17) appropriate for SIDIS as when calculated with a past-pointing 
gauge link like
S
[b−,−∞−]
(rT ,bT )
= exp
[
−1
4
r2T Q
2
s (bT )
(
b− +R−(bT )
2R−(bT )
)
ln
1
rT 
]
(62)
appropriate for the Drell–Yan process (DY). In the quasi-classical approximation, the difference 
between the future-pointing gauge link of (17) and the past-pointing gauge link of (62) is in the 
fraction of nucleons which contribute to the scattering. In the future-pointing case, the nucleons at 
depths x− greater than b−, (b− < x− <R−(bT )) contribute to the final-state rescattering; in the 
past-pointing case, the nucleons at depths x− less than b−, (−R−(bT ) < x− < b−) contribute. 
For a uniform distribution of nucleons, this is what gives rise to the factors
1
T (bT )
R−(bT )∫
b−
dx− ρN(x−, bT ) = R
−(bT )− b−
2R−(bT )
1
T (bT )
b−∫
−R−(bT )
dx− ρN(x−, bT ) = b
− +R−(bT )
2R−(bT )
(63)
describing the fraction of nucleons which participate in the scattering. Here T (bT ) is the number 
density of nucleons per unit transverse area at impact parameter bT . Because f A1 is PT-even and 
process-independent, it should give the same result whether evaluated with the future-pointing 
gauge link of (17) or the past-pointing gauge link of (62). This is clear for the trivial f N1 channel 
because both f A1 and f
N
1 are invariant under the PT transformation, and the longitudinal b
−
integral is also preserved
∫
db− e
− 14 r2T Q2s
(
R−(bT )−b−
2R−(bT )
)
ln 1
rT  Wunp
[
(P+b−)2
]
=
(
b− → (−b−)
)
=
∫
db− e
− 14 r2T Q2s
(
b−+R−(bT )
2R−(bT )
)
ln 1
rT  Wunp
[
(P+b−)2
]
(64)
by a simple change of variables. The Sivers function f⊥N1T , on the other hand, is PT-odd and 
changes sign between the two processes, but its associated longitudinal b− integral
∫
db− e
− 14 r2T Q2s
(
R−(bT )−b−
2R−(bT )
)
ln 1
rT  (P+b−)WOAM
[
(P+b−)2
]
=
(
b− → (−b−)
)
= −
∫
db− e
− 14 r2T Q2s
(
b−+R−(bT )
2R−(bT )
)
ln 1
rT  (P+b−)WOAM
[
(P+b−)2
]
(65)
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independent nuclear TMD f A1 as required. Similar to [27], the ( L · SN) spin–orbit channel here 
requires at least one additional rescattering to be nonzero; in the limit r2TQ2s  1, corresponding 
to either large transverse momentum or low densities, the multiple scattering factor S(rT , bT )
can be neglected, and the b− integral (65) vanishes. The depth dependence on b− of the spin–
orbit factor (P+b−)(p × S), coupled to the angular dependence of the Sivers function, provides 
a second PT-odd factor (P+b−)(p · k′) which enables a PT-odd nucleonic TMD like f⊥N1T to 
contribute to a PT-even nuclear TMD like f A1 . As we will show, the same ( L · SN) spin–orbit 
coupling in the nucleus also generates contributions to the PT-odd nuclear Boer–Mulders func-
tion from various T -even nucleonic TMDs.
To better understand our result, let us evaluate Eq. (61) for specific models of the Wigner 
distribution. First let us consider the case when the internal motion of the nucleons in the nu-
cleus is negligible, that is the nucleons are static with respect to the nuclear center-of-mass (the 
“standard” GGM/MV model in saturation physics). The corresponding unpolarized Wigner dis-
tribution is (cf. Eq. (65) in [27])
Wunp( p, b) R.F.= 3π
2
R3
θ(R2 − b2)δ3( p)
Wunp(p, b) = g
+− (2π)3
2A
ρ(b, b−) δ2(p) δ
(
p+ − P
+
A
)
(66)
with the constant nucleon number density (per d2b⊥ db−)
ρ
(
b, b−
)= θ(R−(b)− |b−|)
2R−(b)
T (b). (67)
(The normalization for Wunp is defined in Eq. (32).) Since the nucleons are static, WOAM = 0 and 
the second term on the right-hand side of Eq. (61) vanishes. Finally we take for the unpolarized 
quark TMD of the nucleon the lowest-order perturbative expression for a quark target [48,57]
f N1 (x, kT ) =
αs CF
2π2 k2T
1 + x2
1 − x (68)
which we for simplicity consider in the kT  mN limit. As usual CF = (N2c − 1)/(2Nc) is the 
fundamental Casimir operator of SU(Nc). Using (68), (66) and (17) in Eq. (61) yields
f A1 (x, kT ) =
Nc
αs 4π4
1 + xˆ2
1 − xˆ
∫
d2b d2r e−ik·r 1
r2T
[
1 − exp
(
−1
4
r2T Q
2
s (bT ) ln
1
rT 
)]
.
(69)
The low-x (and low xˆ = Ax) limit of Eq. (69) is in complete agreement with the previous 
calculation of a similar quantity in [48] (see Eqs. (22) and (23) there keeping in mind that 
unintegrated quark distribution in [48] is defined per dk2T dx/x unit of phase space, while 
TMDs are conventionally defined per d2kT dx). The quark saturation scale in Eq. (69) is 
Q2s (bT ) = 4πα2s T (bT ) CF/Nc. Note that the agreement between our formula (61) for the un-
polarized quark distribution with the results obtained from a different method in [48] validates 
our approach and suggests that other observables, like the unpolarized gluon distribution, when 
calculated in our technique would agree with the results in the literature [18,32,61,71].
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slow varying function) casts the equation in a form where the integral over rT can be carried out 
analytically. This gives
f A1 (x, kT ) =
Nc
αs 4π3
1 + xˆ2
1 − xˆ
∫
d2b 

(
0,
k2T
Q2s (bT )
)
. (70)
This approximation is valid only for kT not much larger than Qs .
To get a feeling for the correction to Eq. (69) resulting from the spin–orbit coupling term in 
Eq. (61) assume that
WOAM(p, b) ≈ ξ g
+− (2π)3
2A
ρ(b, b−) e
−p2T /m2N
π m2N
δ
(
p+ − P
+
A
)
, (71)
where ξ is a parameter responsible for the strengths of spin–orbit coupling and we neglect the 
small change in p+ due to the nonrelativistic orbital motion. Just like in [27] we approximate the 
nucleon Sivers function by the quark target expression, assuming again that kT  mN [57]:
f⊥N1T (x, kT ) = −
α2s m
2
N x (1 − x)
π2 k4T
ln
k2T
m2N
. (72)
Employing Eqs. (71), (72) and (17) in Eq. (61) we get the following correction to the unpolarized 
quark TMD of a large nucleus:
fA1 (x, kT ) = −ξ
xˆ2 (1 − xˆ)N2c m3N
8π4 α2s C2F ρ
∫
d2b
[
1
2
e−k2T /Q2s (bT ) − 

(
0,
k2T
Q2s (bT )
)]
, (73)
where ρ = 3A4πR3 is the nucleon number density in the rest frame and we have made use of the 
mN  Qs condition and put ln(1/rT ) ∼ 1 in the exponents. Comparing Eqs. (73) and (70) we 
see that the spin–orbit contribution is parametrically different by a factor of ξ/αs . Without the 
knowledge of the (most likely) non-perturbative parameter ξ it is impossible to say whether the 
factor of ξ/αs indicates suppression or enhancement. If we take ξ ∼ α4s by analogy to atomic 
spin–orbit coupling in quantum electrodynamics (QED), then ξ/αs ∼ α3s which is parametrically 
very small. However there is no good reason to justify such a choice in QCD. Further work is 
needed to fully quantify the role of spin–orbit coupling in the unpolarized quark TMD.
2.3.2. The Boer–Mulders distribution h⊥A1
Similarly, the projection 
 = γ 5γ+γ j⊥ in (58) selects the Boer–Mulders distribution h⊥A1 in 
the nucleus and the functions h⊥N1 , h
N
1T , h
⊥N
1T of the nucleon in (60) (see also (9)). Using this in 
(59) gives

ji
T
ki⊥
MA
h⊥A1 (x, kT ) =
2Ag+−
(2π)5
∫
d2+p d2−b d2r d2k′ e−i(k−k
′−xˆp)·r S[∞
−,b−]
(rT ,bT )
×
[

ji
T
k′i⊥
mN
Wunp(p, b)h
⊥N
1 (xˆ, k
′
T )+ g+−MA (P+b−)pi⊥iT WOAM(p, b)
×
(
δjhN1T (xˆ, k
′
T )+
k
′j
⊥k′⊥
m2N
h⊥N1T (xˆ, k
′
T )
)]
. (74)
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δjhN1T (xˆ, k
′
T )+
k
′j
⊥k′⊥
m2N
h⊥N1T (xˆ, k
′
T ) = δj hN1 (xˆ, k′T )+
k′2T
m2N
(
k
′j
⊥k′⊥
k′2T
− 1
2
δj
)
h⊥N1T (xˆ, k
′
T ),
(75)
where
hN1 (xˆ, k
′
T ) ≡ hN1T (xˆ, k′T )+
k′2T
2m2N
h⊥N1T (xˆ, k
′
T ) (76)
is the transversity TMD and h⊥N1T is the pretzelosity. Then

ji
T
ki⊥
MA
h⊥A1 (x, kT ) =
2Ag+−
(2π)5
∫
d2+p d2−b d2r d2k′ e−i(k−k
′−xˆp)·r S[∞
−,b−]
(rT ,bT )
×
(

ji
T
k′i⊥
mN
[
Wunp(p, b)h
⊥N
1 (xˆ, k
′
T )
]
+ g+−
MA
(P+b−)pi⊥
ij
T
[
WOAM(p, b)h
N
1 (xˆ, k
′
T )
]
+ g+−
MA
(P+b−)
k′2T
m2N
(
(p × k′) k′j⊥
k′2T
− 1
2
pi⊥
ij
T
)
×
[
WOAM(p, b)h
⊥N
1T (xˆ, k
′
T )
])
. (77)
Then we can contract the free index j on both sides with −kn⊥njT and solve for the nuclear 
Boer–Mulders function to obtain
h⊥A1 (x, kT ) =
2Ag+−
(2π)5
MA
k2T
∫
d2+p d2−b d2r d2k′ e−i(k−k
′−xˆp)·r S[∞
−,b−]
(rT ,bT )
×
(
(k · k′)
mN
[
Wunp(p, b)h
⊥N
1 (xˆ, k
′
T )
]
− g+−
MA
(P+b−)(p · k)
[
WOAM(p, b)h
N
1 (xˆ, k
′
T )
]
− g+−
MA
(P+b−)
k′2T
m2N
(
(p × k′) (k × k′)
k′2T
− 1
2
(p · k)
)
×
[
WOAM(p, b)h
⊥N
1T (xˆ, k
′
T )
])
. (78)
Thus we see that the same L · SN coupling which allows the quark Sivers function f⊥N1T of the 
nucleons to mix into the unpolarized quark distribution fA1 of the nucleus in (61) also allows the 
transversity hN1 and pretzelosity h
⊥N
1T of the nucleons to mix into the nuclear Boer–Mulders func-
tion h⊥A1 of the nucleus in (78). The Boer–Mulders function, like the Sivers function, is a PT-odd 
function that changes sign between the future-pointing gauge link (17) and the past-pointing 
gauge link (62). The trivial channel which builds h⊥A1 from h⊥N1 already has the necessary prop-
erties under PT , and the longitudinal b− integral is the same as in (64). But there are also PT-even 
channels – the nucleonic transversity hN1 and pretzelosity h
⊥N
1T – which mix into the PT-odd nu-
clear Boer–Mulders function through the role of orbital angular momentum. Just like in the case 
of the nucleonic Sivers function f⊥A mixing into the unpolarized quark distribution fA of the 1T 1
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nucleus, the necessary reversal of PT symmetry is provided by the depth dependence (P+b−) in 
the longitudinal integral (65). And just like before, this mixing requires at least one rescattering 
to provide this extra PT-odd factor, so it vanishes in the limit of large kT or low charge densities.
3. Evolution
Our goal in this Section is to include the quantum evolution corrections to the quasi-classical 
TMDs like those calculated above. We will separately consider the cases of x =O(1) (large-x) 
and x  1 (small-x).
3.1. Large-x evolution
The TMDs calculated above and in [27] were found for x ∼O(1): here we need to find the 
quantum evolution corrections to a generic TMD given by Eq. (39). Note that we are working in 
the s ∼ Q2  k2⊥ regime, where s is the center-of-mass energy squared per nucleon; hence our 
x in this section (and above) is order-one, but does not closely approach unity. Let us begin by 
concentrating on summation of leading logarithms of energy, that is on powers of αs ln(s/k2T ). 
To do this we can use the established formalism of saturation physics [40–47,72–74].
We work in the frame where the incoming nucleus has a large P+ momentum, Pμ =
(P+, 12g
+− M2A
P+ ,0), while the incoming virtual photon has a large positive q
− along with a com-
parable but negative q+ momentum, qμ = (− 12g+− Q
2
q− , q
−,0). (For definitiveness we consider 
the SIDIS process, though all our discussion and conclusions apply to DY as well.) We will work 
in the A− = 0 light-cone gauge.
The typical quantum evolution corrections to a SIDIS amplitude are shown in Fig. 5. Our 
choice of A− = 0 gauge prevents gluons from being emitted or absorbed by the partons in the 
incoming nucleons or by the struck quark (carrying momentum k′ − q in Fig. 5); all these par-
ticles move predominantly in the P+-direction and do not emit gluons in the A− = 0 gauge in 
the leading-logarithmic approximation. (We have also checked by an explicit calculation that the 
emissions off of the k′ − q quark do not generate logarithms of energy.) Therefore, gluon emis-
sion and absorption is limited to the outgoing quark. Additionally, logarithms of energy can be 
generated (in A− = 0 gauge) only by emissions which happen over long periods of time; there-
fore, gluon emissions inside the nucleus do not lead to logarithms of energy. We are left only with 
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the gluon emissions and absorptions by the outgoing quark after it exits the nucleus, as shown in 
Fig. 5.
Such emissions are easy to sum up. Using crossing symmetry, the correction to a light-cone 
Wilson line at x⊥ in the amplitude and another light-cone Wilson line at y⊥ in the complex con-
jugate amplitude, as appears in the cross section, can be accounted for by calculating corrections 
to a pair of Wilson lines in the amplitude: one at x⊥ another one at y⊥. This is illustrated in 
Fig. 6 and is the basis for expressions like Eq. (39), though in the quasi-classical case one re-
sums multiple rescattering diagrams. The crossing symmetry in Fig. 6 is valid both for multiple 
rescatterings and for gluon emission [75].
We conclude that all we have to do is evolve a semi-infinite dipole stretching in the x− direc-
tion from 0 to +∞. (In the DY case the dipole would stretch from −∞ to 0, but the evolution 
equation would be the same.) In the leading-logarithm of energy approximation the evolution for 
this object is simply given by the (half of) virtual corrections to the standard small-x evolution 
of an infinite dipole [40–47,72–74] and reads
∂Y Sxy[∞−, b−](Y ) = −αs CF2π2
∫
d2z⊥
(x − y)2
(x − z)2 (z− y)2 Sxy[∞
−, b−](Y ) (79)
with the initial condition, Sxy[∞−, b−](Y = 0), given by Eq. (17) above. Here ∂Y ≡ ∂/∂Y . The 
rapidity variable is given by the logarithm of energy, Y = ln[s (x − y)2], where the IR cutoff 
(x − y)2 is beyond the control of the leading logarithmic approximation considered here. All we 
know is that this logarithm of energy has a cutoff of the order of kT .
Eq. (79) is easy to solve [72]. Integrating over z⊥ on the right-hand side yields
∂Y Sxy[∞−, b−](Y ) = −αs CF
π
ln
(x − y)2
ρ2
Sxy[∞−, b−](Y ) (80)
with ρ some ultraviolet (UV) cutoff having dimensions of distance. Since the shortest transverse 
distance in the problem is of the order of 1/Q ∼ 1/s (since we assume that s ∼ Q2), we make 
another approximation: keeping only the leading logarithms of Q2 we replace ρ → 1/Q. In 
addition, remembering that we have s ∼ Q2 we see that
Y = ln[s (x − y)2] = ln s
Q2
+ ln[Q2 (x − y)2] s∼Q
2
≈ ln[Q2 (x − y)2]. (81)
In the resulting double-logarithmic approximation (DLA) (in lnQ2) we rewrite Eq. (80) as
Q2
∂
∂Q2
Sxy[∞−, b−](Q2) = −αs CF
π
ln[Q2 (x − y)2]Sxy[∞−, b−](Q2). (82)
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Sxy[∞−, b−](Q2) = exp
⎛
⎜⎜⎝−
Q2∫
Q20
dμ2
μ2
αs CF
π
ln[μ2 (x − y)2]
⎞
⎟⎟⎠ Sxy[∞−, b−](Q20) (83)
with the initial conditions Sxy[∞−, b−](Q20) at Q20 = 1(x−y)2 given by Eq. (17). The exponent 
in Eq. (83) is the well-known Sudakov form-factor [1,39], previously derived in the saturation 
literature in [76–79]. For gluon TMDs, where the Wilson lines are adjoint, one would have to 
replace CF → Nc in Eq. (83). While Eq. (83) is written for a fixed coupling constant αs , running 
coupling corrections to it can be included following [80–82].
Note that while we started out this derivation by studying evolution of a semi-infinite dipole 
with energy, we have been working at large-x where s ∼ Q2 and evolution with ln(s/k2T ) is 
equivalent to evolution in ln(Q2/k2T ), as follows from Eq. (81) with the transverse momentum 
of quarks in the TMDs being approximately kT ≈ 1/|x − y|. The Sudakov form-factor (83) that 
we have obtained is a result of Q2 evolution of the TMDs at large-x, and is different from the 
well-known Dokshitzer–Gribov–Lipatov–Altarelli–Parisi (DGLAP) [83–85] Q2-evolution of the 
parton distribution functions (PDFs). The difference is ultimately due to TMDs and PDFs being 
different objects, with kT of the TMDs integrated over to obtain PDFs: in [86] DGLAP evolution 
has been re-derived for PDFs defined as kT -integrals of TMDs.
To summarize, the QCD-evolved large-x quark TMDs of a large unpolarized nucleus in the 
saturation picture can be obtained from the quark–quark correlator
A(x, k;P ;Q2) = 2Ag+−
(2π)5
∫
d2+p d2−b d2r d2k′ e−i(k−k
′−xˆp)·r
×
(
Wunp(p, b;P)φunp(xˆ, k′;p;Q20)
− Wˆpol, μ(p, b;P)φˆμpol(xˆ, k′;p;Q20)
)
S
[∞−,b−]
(rT ,bT )
(Q2), (84)
with the semi-infinite dipole scattering amplitude given by Eq. (83) in the DLA and Sxy[∞−,
b−](Q20) with Q20 = 1(x−y)2 given by Eq. (17). For gluon TMDs the Sudakov form-factor would 
only be different by the CF → Nc substitution.
3.2. Small-x evolution
3.2.1. Evolution of unpolarized-target TMDs
Now let us consider TMD evolution in the small-x regime, s  Q2  k2T . We begin with the 
unpolarized proton or nucleus TMDs, concentrating on the unpolarized quark TMD fA1 first. As 
usual, the dominant contribution at small-x comes from diagrams which are order-αs suppressed 
compared to the channel shown in Fig. 2 above. Concentrating on the SIDIS process again, 
the dominant small-x contribution is pictured in Fig. 7. Comparing Fig. 7 to the lowest-order (no 
multiple rescatterings) part of Fig. 2, one immediately sees that the former is order-αs suppressed: 
this is why the channel in Fig. 7 was not considered above. However, at small-x the channel in 
Fig. 7 is dominant, being enhanced by a power of 1/x compared to the channel in Fig. 2.
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Fig. 8. Diagrams representing the sum of all-order contributions to the unpolarized-target SIDIS process at small-x. The 
tagged quark is marked by a cross, and the thick vertical band represents the target nucleus (the shock wave).
One may ask why the diagram in Fig. 7 was not included along with the evolution corrections 
considered in Sec. 3.1. Indeed the quark loop in Fig. 7 generates a factor of ln(Q2/k2T ), such that 
the suppression of Fig. 7 compared to the lowest-order part of Fig. 2 is diminished to a factor 
of αs ln(Q2/k2T ). However it is well-known that the quark loop cannot generate a logarithm of 
energy; hence the diagram in Fig. 7 is a single-logarithmic correction, which is beyond the DLA 
accuracy of the evolution in Eq. (83) and can be neglected at large-x.
The splitting of a virtual photon into a qq¯ pair in Fig. 7 happens typically long before the 
interaction with the target nucleus, denoted by a shaded oval in Fig. 7. Moreover, in the unpo-
larized SIDIS case all interaction with the target is eikonal and, hence, spin-independent. No 
interaction with one given nucleon is a special “knockout” interaction, where spin-dependence 
could be transferred from the target to the probe, as in [27]. Therefore the unpolarized SIDIS 
cross section at small-x, and the corresponding TMDs, do not have the b− dependent effects 
akin to those at large-x as shown in Eq. (39) leading to TMD mixing in Eqs. (61) and (78). We 
also do not need to worry too much about the details of nucleon dynamics encoded in the nuclear 
Wigner distribution.
With this in mind, summing up the diagrams in Fig. 8, where the thick vertical band repre-
sents the shock wave and we explicitly show the four contributions where the γ ∗ → qq¯ splitting 
happens either before or after the photon passes through the shock wave on either side of the cut, 
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detailed presentation of a calculation similar to this one, along with the appropriate references)
dσ SIDIST ,L
d2kT
=
1∫
0
dz
z (1 − z)
∫
d2x⊥ d2y⊥ d2z⊥
2(2π)3
e−ik·(x−y) γ
∗→qq¯
T ,L (x − z, z)
×
[

γ ∗→qq¯
T ,L (y − z, z)
]∗ [
S[+∞,−∞]x,y − S[+∞,−∞]x,z − S[+∞,−∞]z,y + 1
]
, (85)
where γ ∗→qq¯ is the well-known light-cone wave function for the γ ∗ → qq¯ splitting (normal-
ized as in [11]) given by

γ ∗→qq¯
T (x, z) =
eZf
2π
√
z (1 − z) δij
[
(1 − δσσ ′) (1 − 2z− σ λ) i af λ · x
x⊥
K1(x⊥ af )
+ δσσ ′ mf√
2
(1 + σλ)K0(x⊥ af )
]
, (86a)

γ ∗→qq¯
L (x, z) =
eZf
2π
[z (1 − z)]3/2 δij 2Q(1 − δσσ ′)K0(x⊥ af ) (86b)
for transverse (T ) and longitudinal (L) polarizations of the virtual photon. Here z= k−/q− is the 
light-cone momentum fraction of the photon carried by the tagged quark, σ, σ ′, λ are the quark, 
anti-quark and virtual photon polarizations respectively, i, j are the quark and anti-quark colors, 
and a2f = z(1 − z) Q2 + m2f . For simplicity we assume that there is only one quark flavor with 
mass mf and charge eZf .
S
[+∞,−∞]
x,y in Eq. (85) is the fundamental dipole S-matrix, with the light-cone Wilson lines 
now, in this low-x regime, stretching to both positive and negative infinities along the x−-axis. 
Note that the interactions of the shock wave with the untagged anti-quark in the first diagram of 
Fig. 8 cancel on both sides of the cut.
To extract the unpolarized quark TMD we first impose the Q2 ⊥2 condition on Eq. (85), 
with ⊥ denoting any transverse momentum in the problem (this is part of the s  Q2 ⊥2 con-
dition defining our small-x regime). It is well-known that the large-Q2 asymptotics of Eq. (85)
comes from the aligned-jet configurations dominated by either z → 1 or z → 0 regions of phase 
space [87,88]. Since we are interested in producing a quark with k− ≈ q− we will only take the 
z ≈ 1 region into account. Note that the transverse photon polarizations lead to a leading power 
of Q2. The large-Q2 limit of Eq. (85) with z ≈ 1 averaged over transverse photon polarizations 
is
dσ SIDIST
d2kT
= 8αEM Z
2
f Nc
π Q2
∫
d2x⊥ d2y⊥ d2z⊥
2(2π)3
e−ik·(x−y)
x − z
|x − z|2 ·
y − z
|y − z|2
×
|x − z|4 − |y − z|4 − 2 |x − z|2 |y − z|2 ln |x−z|2|y−z|2
(|x − z|2 − |y − z|2)3
×
[
S[+∞,−∞]x,y − S[+∞,−∞]x,z − S[+∞,−∞]z,y + 1
]
(87)
(see e.g. [89] for details of taking the large-Q2 limit). We have put mf = 0 for simplicity.
To read off the quark TMD f A1 we compare Eq. (87) to the lowest-order SIDIS process, 
modeling the target as a single quark. The dominant contribution to this process is illustrated in 
Fig. 9, resulting in the lowest-order SIDIS cross section
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dσ SIDIST
d2kT
= 4π
2 αEM Z
2
f
s
f
quark
1 (x, kT ), (88)
where we have also made use of the small-x limit of Eq. (68) for f quark1 .
Comparing Eq. (88) to Eq. (87) and using s ≈ Q2/x we read off the small-x unpolarized 
quark TMD for a large nucleus to be (see [90] for a similar result)
f A1 (x, kT ) =
2Nc
π3 x
∫
d2x⊥ d2y⊥ d2z⊥
2(2π)3
e−ik·(x−y)
x − z
|x − z|2 ·
y − z
|y − z|2
×
|x − z|4 − |y − z|4 − 2 |x − z|2 |y − z|2 ln |x−z|2|y−z|2
(|x − z|2 − |y − z|2)3
×
[
S[+∞,−∞]x,y − S[+∞,−∞]x,z − S[+∞,−∞]z,y + 1
]
. (89)
Having the expression (89) for the unpolarized quark TMD we can now determine its evolu-
tion at small-x. It is driven by the small-x evolution of the dipole S-matrix. The small-x evolution 
of S in the leading-logarithmic approximation (LLA) resumming powers of αs ln(1/x) is well 
known and is given by [7,40,41,44–47,91]
∂Y
〈
Sˆ[+∞,−∞]x,y
〉
Y
= αs Nc
2π2
∫
d2z⊥
(x − y)2
(x − z)2 (z− y)2
×
[〈
Sˆ[+∞,−∞]x,z Sˆ[+∞,−∞]z,y
〉
Y
−
〈
Sˆ[+∞,−∞]x,y
〉
Y
]
(90)
with Y = ln 1/x ≈ ln(s/Q2). In Eq. (90) we have separated Sxy(Y ) = 〈Sˆ〉 into the Wilson-line 
operator Sˆ and the averaging in the nuclear wave function evolved up to rapidity Y (see Eq. (14)). 
Unfortunately Eq. (90) is not a closed integro-differential equation: the object 〈SˆSˆ〉 on its right-
hand side is different from 〈Sˆ〉 on the left-hand side. The equation closes in the large-Nc limit, 
where it becomes [40–43]
∂Y S
[+∞,−∞]
x,y =
αs Nc
2π2
∫
d2z⊥
(x − y)2
(x − z)2 (z− y)2
×
[
S[+∞,−∞]x,z S[+∞,−∞]z,y − S[+∞,−∞]x,y
]
, (91)
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where we again dropped the angle brackets. The initial condition for Eq. (91) is given by (cf. 
Eq. (17))
S[+∞,−∞]xy = exp
[
−1
4
|x − y|2T Q2s ln
1
|x − y|T 
]
. (92)
Eqs. (89), (90) and (91) give us the expression for and the small-x evolution of the unpolarized 
quark TMD f A1 .
The small-x evolution of unpolarized gluon TMD is constructed in a similar manner, with 
some important differences. Instead of DIS with a photon, which only couples to quarks, con-
sider “DIS” with a scalar current j = −(1/4)F aμν F a μν [28] which couples to gluons. A gluon 
dipole diagram contributing to the evolution of the unpolarized gluon TMD is shown in Fig. 10. 
Note that the gluon loop brings in a logarithm of 1/x: hence the diagram is only a small-x evo-
lution correction to the gluon analog of the lowest-order graph in Fig. 9. To include the small-x
evolution into gluon TMDs, one has to start with such a lowest-order diagram and first include 
the Wilson line staple, obtaining the Weizsäcker–Williams (WW) gluon distribution in the clas-
sical approximation [61,71,92–94]. Rewriting the semi-infinite adjoint Wilson lines in terms of 
(derivatives of) the infinite Wilson lines, one can apply the JIMWLK evolution obtaining the 
resulting evolution equation governing the small-x asymptotics of the WW distribution, as was 
done in [17,95].
One may worry whether the diagram in Fig. 10 (and other such corrections) needs to be 
included at large-x, since the gluon loop may give both logarithms of Q2 and s. The resolution 
of this question is in the fact that the energy logarithm coming from the gluon loop in Fig. 10
is ln(s/Q2), which is not large in the s ∼ Q2 regime of Sec. 3.1. Hence the gluon (Fig. 10) and 
quark (Fig. 8) loop corrections at large-x are suppressed by a power of αs not enhanced by a 
large logarithm, and thus are outside of the precision of our approximation.
The construction of the small-x evolution of other TMDs of unpolarized proton or nucleus, 
such as the quark or gluon Boer–Mulders function, can be done similarly to the above, and are 
also governed by the nonlinear evolution of the correlators of fundamental and/or adjoint Wilson 
lines.
3.2.2. Evolution of polarized target TMDs: an outline
The evolution of polarized target TMDs at small-x is somewhat different from the unpolarized 
case. Here we will only give the general outline of this evolution, with a more detailed description 
left for future work.
Let us concentrate on the quark TMDs. Again the diagrams of the type shown in Fig. 7
need to be considered, except now the quark–gluon vertices are not eikonal, allowing for spin-
dependence to be transferred from the target nucleus to the produced quark. Note that, as a 
consequence, the contribution of the diagram has a factor of x suppression compared to its 
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Fig. 12. Diagrams needed for the calculation of the polarized SIDIS cross section and the corresponding TMDs.
eikonal contribution to the unpolarized TMDs. These diagrams are supplemented by the same-
order (both in αs and in x) graphs like that shown in Fig. 11.
To include the small-x evolution correction into a generic polarized-target quark TMD one 
has to start by including the effects of GGM/MV multiple rescatterings. The relevant diagrams 
are shown in Fig. 12. There the thick vertical bar represents the shock wave again. Note that 
we are treating the rescattering on a nucleon carrying the spin information about the target sep-
arately, and draw it explicitly in the graphs. (The spin-dependent scattering may also contain 
gluon exchanges in the t -channel.) Placing such spin-dependent rescattering inside the shock 
wave rectangle, as shown in Fig. 12, implies that multiple rescatterings may happen both before 
and after the spin-dependent scattering.
The spin-dependent scattering preserves the z⊥ coordinate of the anti-quark Wilson line. 
Hence all the scatterings of anti-quark and gluon lines at z⊥ cancel between the diagrams in 
the first line of Fig. 12. This is similar to the reason there is no z⊥-dependence in the Sx,y repre-
senting the interaction with the target in the first graph of Fig. 8, as shown in Eq. (85). However, 
in this case we are interested in the target polarization-dependent TMD, and cancellation of the 
spin-dependent scattering implies that the TMD does not get any contribution from the top line 
in Fig. 12. We are left only with the two diagrams in the second line of Fig. 12. (Note that the 
photon does not interact with the shock wave it crosses: the shock wave to the right of the cut in 
the first diagram of the second line of Fig. 12 only indicates that the γ ∗ → qq¯ splitting occurs at 
positive light-cone time.)
The same arguments apply to small-x evolution corrections to the diagram in Fig. 11 for 
the polarized TMD at hand. In the end one is left with the diagrams where all the evolution 
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the non-BFKL type [53,54]. The thick vertical bands represent the shock wave.
and interaction with the target happen entirely either to the left or to the right of the cut, as 
illustrated in Fig. 13. For simplicity we only show the linear evolution, realized through the 
quark ladder exchange shown in the left panel of Fig. 13, and the non-eikonal (non-BFKL) gluon 
ladder exchange shown in the right panel. The nonlinear evolution corrections are represented by 
interaction with the shock wave.
In the left panel of Fig. 13 the anti-quark in the amplitude emits hard gluons, while itself 
cascading down to lower and lower x until it interacts with the target. After the interaction with 
the target all the emitted gluons recombine back with the anti-quark. The same applies for the 
gluon ladder depicted in the right panel of Fig. 13. Combining each diagram with its complex 
conjugate we write a general polarized-target quark TMD as
fA(x, kT ;λ,) = −
∫
d2x⊥ d2y⊥ d2z⊥
2(2π)3
e−ik·(x−y)
∑
σ,σ ′
fσσ ′(x − z, y − z;λ)
×
[
Rσ σ
′
x,z (Y )+Rσ σ
′ ∗
y,z (Y )
]
, (93)
where λ and  are the quark and the target spin projections correspondingly (taken in either 
longitudinal or transverse basis) and Y ≈ ln 1/x at small-x.
Eq. (93) contains two main ingredients. The function fσσ ′(x−z, y−z; λ) has to be separately 
calculated for every polarized TMD by analogy to what was done in the unpolarized target case: 
this is left for future work. The interaction of the x, z (and y, z) dipole with the target, along with 
its evolution shown explicitly in Fig. 13, is included through the Reggeon exchange amplitude 
Rσ σ
′
x,z (Y ) (Rσ σ
′ ∗
y,z (Y )). The evolution of Rσ σ
′
x,z (Y ) involves mixing between the quark and gluon 
ladders, as shown in the right panel of Fig. 13. It is possible that the evolution of the (non-BFKL) 
gluon ladder depends on the TMD in question. For example, it is conceivable that the evolution 
of the quark transversity could be different from the quark helicity. While further investigation of 
this evolution for various polarized TMDs is left for future work, let us give an example of such 
evolution by considering only the quark sector.
By the quark sector we mean considering only the diagram in the left panel of Fig. 13, with-
out any mixing with the gluon ladders. The quark ladder evolution is built up out of the q → qG
splittings with the quark after the splitting being the softer particle. Corresponding small-x evo-
lution kernel is diagonal in quark helicity. Hence the large-Nc nonlinear evolution of Rσ σ
′
x,z (Y )
for a ladder with quarks in the t -channel is independent of the anti-quark helicities σ, σ ′ on either 
side of the cut, and in the large-Nc limit can be simply read off from the evolution of the flavor 
non-singlet structure function in [48] (see also [49–55]):
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′
x,z (Y ) = rσ σ
′
x,z (Y )+
αs CF
2π2
∫
d2w⊥
w2⊥
×
min
{
Y,Y−ln[(z−x)2/w2⊥]}∫
Yi
dy Rσ σ
′
z,z+w(y)S[+∞,−∞]x,z (y). (94)
Here Yi is some initial rapidity for the evolution and rσ σ
′
x,z (Y ) is the initial condition. This initial 
condition is given by [48]
rσ σ
′
x,y (Y ) =
s
2
dσˆ σ σ
′
(Y )
d2b
exp
[
−1
4
|x − y|2T Q2s ln
1
|x − y|T 
]
(95)
with dσˆ σ σ ′(Y )/d2b the cross section of lowest-order spin-dependent scattering of the x, y dipole 
on one nucleon in the nucleus (here b = (x + y)/2). This cross section has to be calculated 
separately for each TMD.
To solve Eq. (94) one has to first solve Eq. (91) to find S[+∞,−∞]x,z (y). Hence the equation (94)
actually mixes the quark and (BFKL) gluon ladders, albeit at the non-linear level.
Eq. (94) is double-logarithmic in energy, that is, it resums powers of αs ln2 s. Hence it con-
tains R, which resums double-logarithms of energy, and S, resumming single logarithms [48]. 
Indeed, for consistency, the evolution for R has to be augmented by the single-logarithmic term: 
this is left for the future work. Eqs. (93) and (94) complete our outline for the general form of 
the small-x evolution of the polarized quark TMDs.
Note again that the full QCD Reggeon evolution (even at the linear level) also includes gluon 
ladders, mixing with the quark ladders, as shown in the right panel of Fig. 13. There one of 
the gluons carries the information about the polarization of the target [53,54]. Hence Eq. (94)
is incomplete, and has to be augmented by a mixing term with the gluon ladder along with a 
separate evolution for the gluon ladder (also mixing with the quark ladder), similar to how it was 
done in [53,54]. While this is outside the scope of this work, here we note that the x-dependence 
found in [54] scales as
Rσ σ
′ ∼ x−zs
√
αs Nc
2π , (96)
with the numerical factor zs = 3.45 for 4 quark flavors. The power in Eq. (96) is large and 
negative, and can easily become large enough to make the net power of x smaller than −1 for the 
realistic strong coupling of the order of αs = 0.2–0.3, resulting in polarized TMDs which actually 
grow with decreasing x fast enough for the integral of the TMDs over the low-x region to be 
(potentially) large. The tantalizing possibility of this growth generating a significant contribution 
to the proton spin coming from low-x partons will be explored in the future work.
4. Conclusions
In this work, we have presented calculations for the quark TMDs of an unpolarized target in 
the quasi-classical approximation and with leading-logarithmic quantum evolution. At face value 
the calculation applies to a heavy nucleus under the resummation α2s A1/3 ∼ O (1), but its core 
features should also be valid for a high-energy proton with a large parton density generated by 
quantum evolution. Attempts to model the dense proton as a “nucleus” have been successfully 
applied in the past to phenomenology in inclusive deep inelastic scattering, so this approach 
may be a valuable tool in studying the TMDs of the proton as well. Regardless, the formalism 
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structure within a controlled resummation of QCD.
The primary results of our calculation are as follows. The quasi-classical factorization for-
mula (39) expresses the relationship between the quark TMDs of the nucleus, the quark TMDs 
of the nucleons, the distribution of nucleons in the nucleus, and the multiple rescattering on 
spectator nucleons. The parameterization (56) expresses the most general form of the nucleon 
Wigner distribution which is consistent with rotational invariance, parity, and time reversal. 
Together, these yield the decomposition of the unpolarized quark distribution f1 (61) and the 
quark Boer–Mulders distribution h⊥1 (78) in terms of the TMDs of the nucleons. The quasi-
classical expressions can be taken as initial conditions for the subsequent quantum evolution. 
In the large-x regime, the leading evolution (83) is double-logarithmic, resumming powers of 
αs ln2 Q2 in agreement with the Sudakov form factor and the Collins–Soper–Sterman evolution 
equation. In the small-x regime, the unpolarized quark distribution is given by (89), and its evo-
lution is governed by BK-JIMWLK equations (90) and (91). The small-x evolution suggested by 
the polarized TMDs appears to be more complex, involving the familiar BK-JIMWLK evolution 
as an ingredient for the more intricate Reggeon evolution (94) (augmented by the mixing with 
the gluon ladders, as shown in Fig. 13).
Clearly further investigation of the perturbative QCD Reggeon evolution is warranted in the 
future. If the Reggeon evolution leads to polarized TMDs that may grow at small-x faster than 
1/x, as Eq. (96) with the power of x taken from [54] appears to suggest, one should try to include 
saturation effects into this evolution. The inclusion of saturation effects may make the integral 
of the resulting TMD over small-x convergent, and would allow one to assess the size of the 
contribution of such an integral. A large contribution coming from the small-x region may help 
resolve the proton spin puzzle by identifying the phase space region containing the missing spin: 
this possibility is important and has to be explored in the future.
In our formalism, essentially all of the model dependence is encapsulated into the nonpertur-
bative Wigner distribution of nucleons inside the nucleus. This distribution, however, is highly 
constrained by symmetry, making it possible to identify distinct channels which couple the TMDs 
of the nucleus to the TMDs of the nucleons. Our approach is also highly amenable to modeling 
and phenomenology. First one chooses an ansatz for the Wigner distribution such as (66); this 
then determines the form of the quasi-classical multiple scattering factor through the integral 
(63). With these ingredients, one can evaluate the intermediate integrals over p, b, and r which 
couple the nuclear TMDs to the nucleonic ones. If desired, one can then also choose initial con-
ditions for the nucleonic TMDs, such as the quark target model or scalar diquark model of [57], 
allowing for explicit analytic or numerical calculation of the nuclear TMDs. These functional 
forms can then be evolved with the appropriate quantum evolution equations to the kinematics 
appropriate for comparison with experimental data. In future work, we would like to extend our 
computation of TMDs in the dense limit to the full set of leading-twist quark and gluon TMDs. 
This would provide another theoretical benchmark for understanding the range of spin–orbit 
physics permitted by QCD and would be well-suited to a global fit of available TMD data.
One novel feature of our calculation is that, due to the possibility of spin–orbit coupling in the 
distribution of nucleons, there can be mixing between different TMDs at the level of the nucleus 
and the nucleons. In (61) the nucleonic Sivers function mixed into the nuclear quark distribution, 
and in (78) the nucleonic transversity and pretzelosity mixed into the nuclear Boer–Mulders 
function. All three of these mixings are due to the same L· SN spin–orbit correlation with strength 
given by WOAM . The fact that the same underlying correlation is responsible for multiple mixings 
is a testable prediction of the theory: in principle, if the unpolarized quark distribution fN and 1
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the unpolarized quark distribution fA1 of the nucleus can allow an extraction of the spin–orbit 
coupling term WOAM which is present in the nucleus. This would then provide a prediction for 
the amount of mixing that should occur between the nucleonic transversity hN1 or pretzelosity 
h⊥N1T and the Boer–Mulders function h⊥A1 of the nucleus. Such an extraction would require good 
coverage of the pT dependence of the nuclear TMDs, and is thus likely to only be accessible at 
a future electron–ion collider.
The TMD mixing observed here couples the PT-even and PT-odd sectors, mediated by the 
spin–orbit coupling mechanism and the depth dependence of the multiple scattering. This is a 
very general feature of TMDs in the dense limit which goes beyond the specific L · SN coupling 
that can occur in an unpolarized nucleus. A similar mechanism L · SA was already observed for 
the case of a transversely polarized nucleus, resulting in the mixing of the nucleonic unpolarized 
quark distribution into the nuclear Sivers function [27]. Similar features should again occur in the 
general case of a polarized nucleus, with a relatively small number of possible spin–orbit correla-
tions generating a relatively large number of mixings between the nuclear and nucleonic TMDs. 
Indeed, one can imagine performing the same sort of analysis for the “generalized transverse-
momentum-dependent parton distribution functions” (GTMDs) which are analogous operators 
to (1), taken between off-forward matrix elements of hadronic states (see, for example, [96]). 
The GTMDs are the “mother functions” from which one can obtain both the TMDs and the 
generalized parton distributions (GPDs). If the same type of mixing occurs at the level of the GT-
MDs, it raises the interesting possibility of a single spin–orbit coupling term being responsible 
for different mixings in both the TMD and GPD sectors. The methodology presented here, which 
has at its foundation a genuine resummation of QCD, offers a new approach to the calculation of 
TMDs and related quantities, with bountiful applications to both theory and phenomenology.
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Appendix A. Rotational invariance on the light front
In Sec. 2.2, we discussed the symmetries of the Wigner distribution of nucleons in the nucleus, 
including the naive expectation that the Wigner distribution should be rotationally invariant in 
the rest frame of the nucleus. Indeed, the Wigner distribution is independent of the preferred 
axis contained in the Wilson lines and virtual photon. But there is a subtlety which we will 
now address: since the Wigner distribution is defined in terms of the light-front wave functions, 
there is a special direction given by the quantization axis with respect to which those wave 
functions are defined. In the standard formulation of light-front perturbation theory, the system 
is quantized at fixed x+ ∼ (ct + z), so that three-dimensional rotation invariance is broken by the 
special role of the z-axis.2 As discussed in [97], these light-front wave functions are especially 
2 Note that in this Appendix we will use both c = 1 and c = 1 conventions interchangeably: we have taken special care 
to not cause any confusion with this notation.
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under longitudinal boosts, transverse boosts, and rotations in the transverse plane. But rotations 
which change the longitudinal direction are “dynamical”; that is, they invoke the interaction 
Hamiltonian and can therefore change the particle content of the system. The special role of 
the z-axis also breaks invariance under ordinary parity P and time-reversal T , necessitating the 
application of the modified discrete symmetries “light-cone parity” P⊥ and “light-cone time 
reversal” T⊥ which preserve the z-axis and satisfy P⊥T⊥ = PT [98].
To describe the properties of the light-front wave functions under three-dimensional rotations 
without invoking the interaction Hamiltonian, it is necessary to use the “covariant light-front dy-
namics” of [69] in which the quantization axis ωμ is kept arbitrary. If the theory is quantized at 
fixed ω ·x, then rotations which transform not only the physical vectors, but also the quantization 
axis ωμ correspond to “kinematic” transformations which do not invoke the interaction Hamil-
tonian. Consequently, a light-front wave function for spinless particles is a Lorentz scalar when 
the quantization axis ωμ is also transformed. In general, the spin indices of a light-front wave 
function rotate according to their group representation, but they transform more simply in terms 
of the covariant spin vector Sμ (22).
Defining the lightlike quantization axis as
ωμ ≡
√
g+−
2
(
1,−nˆ) (A.1)
for an arbitrary spacelike unit vector nˆ, we see that the analog of the usual “plus” direction is
p+ ≡ ω · p =
√
g+−
2
(
Ep + p · nˆ
)
, (A.2)
where nˆ = zˆ in the usual approach. The Wigner distribution can then be written as
Wλλ′(p¯, b;P ;ω) = 12(2π)3
∫
d2+(δp)√
p+p′+
e−i(δp)·b ψ∗λ (p′;P ;ω) ψλ′(p;P ;ω), (A.3)
where b+ ≡ ω · b ≡ 0 and the wave functions now explicitly depend on the quantization axis ωμ.
Since the “longitudinal direction” is now defined by nˆ, the longitudinal momentum fraction α
of a nucleon with momentum pμ in a nucleus with momentum Pμ is
α ≡ ω · p
ω · P =
p+
P+
, (A.4)
and the vector Rμ ≡ pμ − αPμ, defined so that ω ·R = 0, selects out the momentum transverse 
to nˆ:
R2 = (R0)2 − R2 = −
[ R2 − ( R · nˆ)2]≡ −R2T . (A.5)
The variables α, R2 are thus scalars under the generalized transformations which include ωμ. As 
shown in [69], the wave functions depend only on the two invariants: ψ = ψ(α, R2). In terms of 
these quantities, we can rewrite the Wigner distribution (A.3) as
Wλλ′(p¯, b;P ;ω) = 12(2π)3
∫
d2(δR)
d(δα)√
αα′
e−i(δα)P ·b e−i(δR)·bψ∗λ (α′,R′2) ψλ′(α,R2),
(A.6)
with δRμ = Rμ −R′μ and δα = α − α′, and project out the polarized and unpolarized distribu-
tions using (26) to obtain
W(pμ,bμ,Sμ;Pμ;ωμ) = Wunp(pμ, bμ;Pμ;ωμ)− Sν Wˆ νpol(pμ, bμ;Pμ;ωμ) (A.7)
198 Y.V. Kovchegov, M.D. Sievert / Nuclear Physics B 903 (2016) 164–203Fig. 14. Simple wave function in which a scalar with mass M and momentum P splits into two scalars, one with mass 
m1 and momentum k and the other with mass m2.
Thus the Wigner distribution is now manifestly invariant under the generalized Lorentz transfor-
mations.
The rotation properties of the wave functions are seen most clearly in the “constituent rest 
frame” (CRF). In light-front perturbation theory, there is no “rest frame” in the conventional 
sense, since one component of the momentum (p−) is not conserved. It is thus impossible to 
simultaneously set the net spatial momentum P of the nucleus and ∑i pi of the nucleons to 
zero. Instead, the momenta satisfy a modified conservation law,∑
i
p
μ
i = Pμ + τωμ, (A.8)
where τ is the deviation from the “energy shell.” In the constituent rest frame, one sets the net 
spatial momentum of the constituents to zero, 
∑
i pi = 0, with the parent particle forced to have 
nonzero momentum, P = τ nˆ.
In the constituent rest frame, the variables α, R2 simplify:
−R2 C.R.F.= ( p − ατ nˆ)2 − [( p · nˆ)− ατ ]2 = p2 − ( p · nˆ)2
α ≡ ω · p
ω · P =
ω · p∑
i ω · pi
= Ep + p · nˆ∑
i Ei +
(∑
i pi
) · nˆ C.R.F.= Ep + p · nˆ∑i Ei , (A.9)
where we used (A.8) and ω2 = 0. The wave functions ψ(α, R2) can therefore be expressed as 
ψ( p2, p · nˆ) which are equivalent invariants but have a simple meaning in the constituent rest 
frame. The covariant formulation thus makes explicit the dependence on the preferred direc-
tion nˆ; this dependence is a feature of the relativistic wave function and in general cannot be 
avoided.
However, there is one limit in which the dependence on the special direction nˆ disappears: 
the non-relativistic limit pi2  m2 or c → ∞. In this limit, the light-front quantization condition 
ω · x = ct + (x · nˆ) = const. reduces to the equal-time condition ct = const. and the dependence 
on nˆ drops out. Consequently, in the non-relativistic limit the light-front wave functions should 
no longer depend on nˆ: ψ( p2, p · nˆ) → ψ( p2), restoring the rotational invariance of the physical 
vectors in the rest frame. For example, consider the simple wave function for the splitting of mas-
sive scalar particles shown in Fig. 14. Taking the tri-scalar vertex as λ, the standard calculation 
of the wave function gives
ψ(k,p) = 1
2g+−p+
λ
p− − k− − (p − k)−
= −λ z(1 − z)
(k − zp)2T − z(1 − z)M2 + (1 − z)m21 + zm22
, (A.10)
Y.V. Kovchegov, M.D. Sievert / Nuclear Physics B 903 (2016) 164–203 199where z = k+/p+ is the momentum fraction of the scalar m1. In the constituent rest frame we 
have
ψ(k2, k · nˆ) C.R.F.= −λ z(1 − z)k2 − (k · nˆ)2 − z(1 − z)M2 + (1 − z)m21 + zm22
z
C.R.F.=
√
k2 +m21 + k · nˆ√
k2 +m21 +
√
k2 +m22
, (A.11)
and expanding k2  m21, m22, M2 in the nonrelativistic limit (i.e., (kc)2  (mc2)2 for c → ∞), 
we obtain
ψ(k2, k · nˆ) ≈ −λ
3m2
[
1 − 4k
2
3m2
]
= ψ(k2) (A.12)
as desired. Note that in the limit of nonrelativistic constituent motion, the rest frames of the 
parent particle and the constituents coincide, and we no longer need to distinguish between the 
“constituent rest frame” and the ordinary rest frame.
Indeed, the non-relativistic limit is precisely the limit which is relevant for the orbital motion 
of nucleons in a heavy nucleus. If we expand (A.3) to lowest order in the nucleon velocities 
β = v/c = |k|/mN  1, then we have
Ep ≈ mN
(
1 +O
(
β2
))
α ≈ 1
A
(
1 + p‖
mN
+O
(
β2
))
p‖ ≡ ( p · nˆ) ≈
(
AmN
)(
α − 1
A
)
(1 +O (β))
d2+(δp)√
p+p′+
≈ d
3(δp)
mN
(1 +O (β)) . (A.13)
The Fourier factor exp[−i(p − p′) · b] then becomes
exp[−i(p − p′) · b] = exp[−ig+−(α − α′)P+b−] exp[+i(p − p′) · b]
≈ exp
[
−i(p‖ − p′‖)
(
1
AmN
g+−P+b−
)]
× exp[+i(p − p′) · b] (1 +O (β)) . (A.14)
Since b+ ≡ 0 and b‖ =
√
g+−
2
(
b+ − b−), we have
b− = −√2g+− b‖, (A.15)
and in the rest frame
P+ R.F.=
√
g+−
2
(AmN), (A.16)
such that
1
AmN
g+−P+b−
R.F.= −b‖ (A.17)
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exp[−i(p − p′) · b] R.F.= exp[+i( p − p′) · b] (1 +O (β)). (A.18)
Substituting these expressions back into (A.3) and neglecting the dependence of the light-front 
wave functions on nˆ for nucleons moving non-relativistically in the heavy nucleus, we obtain
Wλλ′( ¯p, b) R.F.= 12(2π)3
∫
d3(p − p′)
mN
e+i( p− p′)·b ψ∗λ
( p′2)ψλ′( p 2). (A.19)
Once again projecting out the polarized and unpolarized structures using (26), we obtain
W( p, b, S) R.F.= Wunp( p, b)+ S · Wpol( p, b), (A.20)
which recovers the naive expectation of manifest three-dimensional rotation invariance in the 
nuclear rest frame.
The key is the change of variables between the boost-invariant quantities like α¯, P+b− and 
the 3-vectors ¯p, b:
¯p R.F.=
[
p¯ , MA
(
α¯ − 1
A
)]
b R.F.=
[
b , −g+−
MA
P+b−
]
, (A.21)
where MA ≈ AmN . Using the dictionary (A.21), we can impose rotational invariance in the rest 
frame through ¯p, b to constrain the form of the Wigner distribution. Then we can change vari-
ables back to the boost-invariant quantities α¯, P+b− which describe the high-energy collision.
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